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1. INTRODUCTION 
The Seifert algorithm in classical knot theory constructs, from a link diagram, an orientable 
surface that is bounded by the link. We give a similar algorithm in dimension four that 
constructs orientable 3-manifolds bounded by embedded oriented surfaces in 4-space from 
their generically immersed projections. A Heegaard diagram of the bounded 3-manifold is 
obtained from the preimage of the double points of a knotted surface’s projection. The 
algorithm is applied to one of the examples in Fox’s Quick Trip Through Knot Theory [ 11, 
Many algebraic invariants of classical links are defined and computed via Seifert 
surfaces. These are embedded orientable surfaces in 3-space that are bounded by links. The 
Seifert algorithm is a method of constructing from a classical ink diagram a Seifert surface 
for the link [2]. 
A link diagram is a generic projection of a link in 3-space onto the plane where crossing 
information is depicted at each double point by breaking one of the intersecting arcs, 
thereby removing the double point and indicating under-crossing. A link diagram is the 
image that one sees upon viewing a link embedded in space. 
It was noticed by Conway that the Alexander polynomial could be found by a skein 
relation that involves twisted bands (see [3-51). Since then the Seifert algorithm has been 
put into the spotlight because the skein definition of the Alexander-Conway polynomial 
uses the knot diagram in the same manner that the algorithm does. Similar skein relations 
have been used for the study of Jones-type invariants [6]. 
Gluck [7] found that orientable knotted surfaces bound solids (i.e. 3-manifolds) in 
4-space. Furthermore, Gordon and Litherland [S] showed that any surface with trivial 
normal Euler class bounds such a solid (see also [9, lo]). 
In this paper we give a Seifert algorithm that uses the projections of knotted surfaces 
from dimension 4, and we discuss applications of these methods. Giller [l l] defined such an 
algorithm for projections without triple points and gave some calculations of Alexander 
polynomials. We generalize his construction to any generically immersed projections of 
oriented surfaces. The present work, then, is a further investigation suggested by Giller on 
p. 594. Note that Giller’s assumption of having no triple points greatly restricts the types of 
knotted surfaces. Specifically, only the family of knotted surfaces called ribbon knots can 
have such nice projections [12]. Our algorithm generalizes his method to all oriented 
knotted surfaces. 
The paper is organized as follows. In Section 2 we give a Seifert algorithm in dimen- 
sion 4. In Section 2.2 we review the smoothing of triple points on a projection of knotted 
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surfaces that we used in [13, 141. After this smoothing we get a projection without triple 
points. Thus the projection contains double curves and branch points. Double curves 
consist of embedded ouble circles and double arcs whose boundaries are branch points. In 
Sections 2.3 and 2.4 these double curves are further smoothed to get embedded surfaces 
called Seifert shells, They correspond to Seifert circles in the classical dimension. The shells 
bound disjointly embedded 3-manifolds in 4-space. In Section 2.6 solid handles are attached 
to the solids bounded by shells in regions near original double and triple points to recover 
the given knotting. 
In Section 3 the algorithm is applied in full detail to give the solid bounded by Example 
12 of [l]. Following this example, we indicate how to obtain Heegaard diagrams of the 
solids obtained by the algorithm in general. This process again mimics the classical 
algorithm, for one can view the Seifert surface as obtained by attaching l-handles at the 
preimage of the crossing points and then capping-off the Seifert circles with disks. In the 
case of knotted surfaces, the preimage of the triple points and the maxima on the double 
point set yield l-handles, and the rest of the double point set yields 2-handles; there are extra 
2-handles coming from the solids that are bounded by Seifert shells. 
2. AN ALGORITHM 
2.1. Initial hypotheses. A generically immersed projection p(F) of an embedded oriented 
surface F in 4-space, where p:R4 -+ R3 is the projection, is given. We always choose such 
a projection of 4-space onto a subspace R3 such that the given embedded surface lies on one 
side of R3, i.e. the surface and the subspace do not intersect. In this case, the immersion will 
have isolated triple points and closed double point curves. Furthermore, crossing informa- 
tion is specified by either a movie parametrization, or by a broken surface diagram as in 
Fig. 1. 
Here is the justification for the previous paragraph: an embedded surface in 4-space can 
be isotoped so that the projection to 3-space is a generically immersed surface if and only if 
the normal Euler number vanishes [11,131. Any orientable embedded surface has vanishing 
normal Euler number, and an orientation can be chosen once and for all. Thus any oriented 
knotted surface has such a projection. 
Now we explain broken surface conventions and movie descriptions. Along a double 
point curve in the projection, one of the two sheets forming the curve as their intersection 
has more distance from the subspace R3 than the other sheet. In this case we break the 
former sheet into two sheets. This is a direct generalization of the convention in the classical 
case (see Fig. 1). 
Next we explain movie descriptions of knotted surfaces. A height function h:R3 + R is 
chosen so that the composition of h with the projection of the surface has (a) isolated 
non-degenerate critical points, (b) the critical points of the double points are isolated and 
non-degenerate, and (c) the critical points of the surface, the critical points of the double 
point set, and the triple points are all found at different levels for h. That is if y E R is 
a critical value (for the surface or its double point set) or the image of a triple point, then 
{x:f(x) = y and x is critical point or triple point} has one point. We assume, without loss of 
generality, that such a height function has been chosen. 
In a movie diagram for a knotted surface, the projection is cut by a collection of planes 
-one on each side of a critical level. The intersection of such a plane with the surface is 
a generically immersed curve. These curves are converted to knot diagrams by using the 
crossing information that comes from the embedding in R4. The diagram in one of these 
planes is called a still from the movie. The added crossing information can be interpreted as 
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Fig. 1 Multiple points, broken surface diagrams, movies, and smoothings 
taking the Cartesian product of the plane of the still and a small interval and then 
lifting the arcs of projection into the interval factor. This interval factor is parallel to the 
direction of the projection p:R4 + R3 and orthogonal to the direction of the height 
function. 
The collection of non-critical cross-sectional diagrams together with a method of getting 
from one diagram to another will be used to describe the embedded surface. 
At each critical level one of the following occurs: (a) classical Reidemeister moves of type 
II or III; (b) birth or death of small circles or surgery of curves [15]. These are called 
elementary string interactions (ENS). Thus a movie diagram is a sequence of classical knot 
diagrams (stills) such that consecutive stills differ by one of the ESIs. 
2.2. First step: smoothing triple points. The first step of our algorithm is to smooth the triple 
points of the projection. The smoothing will be realized as an oriented handle addition to 
the given embedded surface. Figure 2 depicts the smoothing of a triple point. This 
smoothing was used to give an elementary proof of Whitney’s congruence between tangen- 
tial and normal Euler classes [131 and to resolve quadruple points of surface isotopies [ 141. 
A new formula for normal Euler classes and triple points of projections was also proved 
using this smoothing [16]. 
Let us explain this smoothing. The three sheets of surface that intersect at a triple point 
can be labeled top, middle, and bottom, and these indicate the relative position of the 
surfaces with respect o the projection direction. In order to be realized as an embedded 
surface, a hollow l-handle is attached between the top and middle or between the middle 
and bottom sheet. 
The attaching hollow l-handle is explicitly embedded as follows. For i = 1,2,3, let 
Bf = ((x,, x2, x3) E R3:xi = 0 & 121 < l}. These 3 intersecting disks are each identified with 
a standard 2-disk, and they are disjointly embedding in 4-space by the map gi: B? -+ R4 
defined by gi(x’) = (x’, i). If a given point in R3 is the image under projection of three sheets 
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Fig. 2. Smoothing a triple point. 
of an embedded surface, then there is a coordinate neighborhood of it such that the 
projection is of this form in those coordinates. 
For r < 1, let B?(r) = (2 E Bf :(x’J < t-1. Let S’(r) denote the 2-sphere of radius r in 
3-space and consider the hollow (3-dimensional) l-handle H3 = S*(r) x [l, 21. This inter- 
sects the embedded 2-disks in circles S!(r) and S:(r) where S!(r) = a@(r). In H3 embed 
twisted annuli (S’ x [l, 21) by the formula 
(If (yi, y2) E B:(r), then the same formula defines an embedding of the solid l-handle, 
D* x [l, 21, into I-space where the boundary is mapped to the union Bf(r)uBi(r)uA( +). 
This embedding is used in Section 2.6.) 
Suppose the intersecting disks are oriented. Then one of the annuli A(k), when attached 
as a hollow l-handle, preserves orientation. For example, suppose that the oriented normal 
to B? is ei-the standard ith basis element. Then the annulus A( +) preserves the orientation 
when attached as a l-handle between B: and Bi (bottom and middle). If the orientation of 
only one of these two disks is changed, then the annulus A( -) is orientation preserving. 
To attach such a hollow l-handle remove the disks B:(r) for i = 1,2 and replace them 
with the annulus. The result of this operation projects to Fig. 2. It is not hard to also find 
a handle between the top and middle sheets by a formula similar to that of A( +). 
The surface that results from smoothing all the triple points has pairs of branch points. 
The branch points are joined by arcs of double points. Neighborhoods of the loops in the 
resulting surface that project to these arcs are annuli because orientations were preserved. 
The projected surface also has simple closed loops of double points with trivial holonomy 
[17, IS] but possibly full normal twisting as in the case of a Lie-framed torus. 
2.3. Second step: reduce double point loops to arcs. A closed curve of double points has at 
least one maximum and minimum with respect to the given height function. Each such 
extreme point is given by a type II Reidemeister move in a movie parametrization. For each 
maximal or minimal point on the double point set, a hollow l-handle (S’ x D') is attached 
between the intersecting sheets of the projection in an orientation preserving manner. The 
embedding of this handle is similar to the handle attached at triple point, and as in the triple 
point case, this handle bounds an embedded solid l-handle (D* x D'). Figure 4 illustrates 
one of the situations in which such a handle is attached. At the end of the second step the 
double points of the projection, p, will be a collection of embedded arcs. 
2.4. Third step: remove tbe simple arcs of double points by further smootbings. A neighbor- 
hood in the surface of a given arc of double points is an annulus. Such an arc is an u-arc 
in the sense of [13]. (An m-arc has a neighborhood that is a Mobius band, but these will not 
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be used here.) The u-arcs are smoothed by replacing the self-interesting annulus with a pair 
of disks. More precisely, the annular region of the surface that projects to the given u-arc is 
replaced by a pair of embedded isks in 4-space that project to disjointly embedded isks in 
3-space. Each such u-arc is removed until an embedded surface results. The components of 
this surface are called the Seifert shells. 
2.5. Fourth step: filling in the Seifert shells. Each Seifert shell bounds a pair of solids in 
3-space. One is compact, the other is open (unbounded). The compact solid bounded by 
a shell is, at worst, a cube with knotted holes and handles. The collection of Seifert shells can 
be partially ordered as follows. Say F1 d F2 if the compact solid bounded by F2 is 
contained entirely within the compact solid bounded by F1. 
Push the Seifert shells into different levels in 4-space in such a way that the order 
induced by the w-height respects the partial order determined in the previous paragraph. 
Specifically, if F, < F2, then w1 < w2 where wi is the level in which FL is found. Further- 
more, even if F1 and F2 are incomparable, they should appear in different levels, but their 
relative height is otherwise arbitrary. 
Now let each Seifert shell, Fi, bound a compact solid Ni, in its respective w = constant 
3-space level. In this way, the Seifert shells bound a collection of disjoint solids {Ni} in 
4-space. 
2.6. Fifth step: adding handles between the solids bounded by shells. We recover the 
given knotting of the surface F from the solid bounded by the Seifert shells according 
to the following rules: (1) solid l-handles are attached between the Ni to fill in 
the regions defined by the u-arcs; (2) solid 2-handles are attached to the result at 
the critical points of the double point set, and at the triple points. Let us describe this 
procedure. 
First the index of the handle in question depends on one’s point of view. Thus a l-handle 
from the point of view of the knotting is a 2-handle from the point of view of the shells and 
vice versa. This is the standard situation. When height functions are turned upside down, 
indices of critical points are reversed. 
The Seifert shells contain scar tissue: the regions of the shells that were not part of the 
original knotting. The scar tissue is contained in the union of the belt regions of the hollow 
handles that were attached to the surface F. 
For example, when an u-arc is surgered out of F a pair of disks appears on the Seifert 
shells. Thus on the road to obtaining a solid bounded by the original knot, we attach a solid 
l-handle to the Ni for each u-arc removed. 
If the Seifert shells were at the same level in 4-space as the original surface, then an 
explicit embedding of the l-handle would be easy to give. In fact, a parametrization for the 
hollow 2-handle attached to remove an a-arc extends to a parametrization of D2 x I. (See 
the third paragraph of Section 2.2.) But since the shells are lifted to different w-levels this 
handle will be slightly skewed. The resulting handle is called a twisted brick; this is the result 
of taking the Cartesian product of a twisted band (from the classical algorithm) and an 
interval. 
Similarly, the hollow l-handles that were used to remove the critical points of the 
double point set are filled in to add solid handles to the union of the Ni and the 
handles that were previously attached. From the point of view of the solid that 
consists of the Ni together with the solid handles attached along the a-arcs, these are solid 
2-handles. 
Finally, a solid 2-handle is attached to the Ni at each triple point. 
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2.7. THEOREM. The process described in steps 2.2 through 2.6 gives an embedded solid 
3-dimensional manifold that is algorithmically determined from a given knot diagram for 
a surface. 
Proof: The solid bounded by the given knot consists of various pieces. First, we have 
cubes with knotted holes and handles, labeled Nit that are bounded by the Seifert shells in 
the various 3-space levels. These are disjointly embedded in 4-space, but may have 
overlapping image in a 3-space projection. Between the Ni, solid 2-handles are attached that 
correspond to the critical points of the double point manifold of p. Solid l-handles are 
attached to fill in the a-arcs of double points. And solid 2-handles fill in the smoothing of the 
triple points. 
In the process the knotted surface moved slightly so that solids, Ni, bounded by the 
Seifert shells would be disjoint cubes with knotted holes and handles. To ensure that the 
solid handles that are attached between the Ni are disjointly embedded and only intersect 
the solids bounded by the shells along their attaching regions, we examine neighborhoods 
of the attaching regions. There are two cases to consider: (1) the case of a l-handle being 
attached along an a-arc; (2) the case of a 2-handle being attached in a neighborhood of 
a triple point. We remind the reader that the description of the multiple points is an artifact 
of the projection, and not a property of the knotting, but that the algorithm uses the 
projection-indeed the diagram-of the knotting as an input. 
In these cases we consider a 4-ball neighborhood of the points that project to the 
multiple points in question. This 4-ball will be of the form Dz x I x [ - E, r] where the last 
factor is parallel to the direction of the projection, and the interval factor Z is parallel to the 
height direction in 3-space. The projection of the Seifert shells in this neighborhood to 
D2 x I consists of a properly embedded collection of disks; in case the multiple point is 
a double point, there are two such disks; in case the multiple point is a triple point, there are 
three. 
First we list the possibilities of such disks at optima of double point curves and triple 
points. At a minimum of the double point curve, we have a type II classical Reidemeister 
move before the smoothing. The top still consists of two arcs having a pair of crossing 
points with opposite crossing signs. After the smoothing, this movie still becomes either 
(1) a parallel pair of arcs, or (2) a small circle and a pair of arcs, depending upon the 
orientations of the arcs involved. Accordingly, the movie diagram of D x I after the 
smoothing is either (1) a pair of disks with no optima, or (2) a pair of disks, one of which has 
a local optimum and the other a saddle. Notice that these two cases are isotopic if we ignore 
the height direction I of D x I. Similarly, there are three sheets after the smoothing of a triple 
point. Depending on the height direction there are several cases, but in Fig. 1 a diagram 
without height function specified is depicted. 
In the projection to D2 x I, the solids bounded by these two or three shells can overlap, 
and if they do, the projection of the handle will certainly overlap these. We examine the 
handles and the shells using the movie diagrams in the neighborhood D2 x {t} x [ -6, E]. 
In the first case-a l-handle being attached at a non-critical point of the double point 
set-the intersection of the shells in any cross section D2 x {t> x C--E, E] looks like a classical 
smoothing of a crossing. So the local solid that results in this case, after attaching the 
twisted brick, is the Cartesian product of the surface that results from the classical algorithm 
and the interval I. 
Let us list the possible cases of overlapping surfaces in the stills. After smoothing 
a crossing there are two parallel arcs al and a2. In a small disk neighborhood of the crossing 
al and a2 divide the neighborhood into three regions: Al, A, and A2 where A0 is the region 
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Fig. 3. Overlapping shells in the classical case. 
between a, and az, Aj is the region having only aj as boundary. Then there are four cases of 
nesting disks: (1) two disks are parallel to Al and A2 so that they are not nested; (2) one of 
them is parallel to Al and the other is parallel to the union of A0 and Al so that the overlap 
is parallel to Al; (3) they are parallel to AouAl and AouA2 so that the overlap is parallel to 
Ao; and (4) they cobound a sheet parallel to Ao. An illustration of this situation with some of 
the possible overlaps is depicted in Fig. 3. 
In all these cases of nesting, the local picture for the algorithm in Dz x I x C-E, E] is the 
product of the classical band attachment with the interval I. And so the twisted brick can fit 
into 4-space without any bad intersections with the rest of the solid. 
Notice here also that we can assume that any other component of the solids Ni 
does not intersect with the small ball neighborhood D x I. In particular, there are no sheets 
between two sheets bounded by a, and a2 in the above argument. This is because we fixed 
a partial order among Seifert shells Fi according to the inclusions in 2.5. Therefore, if two 
shells Fj and Fk share a double point arc, then there is no component Fi such that 
Fj < Fi < Fk (or Fk < Fi < Fj). The same argument applies in the neighborhoods in the 
following cases. 
At a minimum or maximum point of the double point set, the arc of double points is also 
an u-arc, but the height function has distorted the picture. We can attach twisted bands 
times the unit interval along any u-arc, by using the attachment described above. However, 
we need to see that at such an optimal point the twisted band is regarded as a 2-handle 
attachment in the following cases: (1) the case when a triple point smoothing involves a type 
II move in this proof below; (2) for obtaining Heegaard diagrams in the next section. Here 
we include representative movie diagrams of this attachment at optima of the double point 
set in Fig. 4. 
In the final case-a 2-handle being attached at a triple point-there are several cases to 
take into consideration. First, the smoothing of the triple point may occur between the top 
and middle sheets or the bottom and middle sheets. Second, the parametrization of 
0’ x I x [ -E, E] as it intersects the Seifert shells may include maximal and minimal points 
on the double point curve after a triple point smoothing. Third, the solids bounded by the 
3 shells in the local picture may have differing degrees of overlap. 
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Fig. 4. Attaching a handle at a type II move. 
Fig. 5. Sliding a band at a type III move. 
Let us first consider the overlapping of the projection of the Ni. There are three 
components to the shells in the projected neighborhood; call these ao, al, and a2 where a, is 
the middle sheet that looks like a monkey saddle in Fig. 1. 
The regions divided by these three disks in this 3-ball will be labeled Al, Aol, A,,, and 
AZ, with Ai for i = 1,2 being the region with one boundary shell and Ai, the region with two 
bounding shells. The projection of the solids intersects these regions in one of the following 
ways: (1) The solids bounded by a, and u2 are in regions A 1 and A2 while the solid bounded 
by a0 intersects one of these regions and one of the Aij’s. (2) All three projections intersect 
region Al, two intersect Aol and the solid bounded by u2 intersects the region Aoz. (3) The 
solids bounded by a0 and a, intersect in Aol, the solid bounded by a, also intersects Ai and 
the solid bounded by a, intersects A o2 and Al. This breaks into two cases: (3a) The solid 
bounded by u2 intersects AZ, and (3b) the solid bounded by u2 intersects Ao2uAoluAl. 
These are the cases where all three sheets bound three different solids. Next we list cases 
where some of them cobound a common solid. (4) One of the solids may be bounded by 
a0 and al and projects to the region Aol, while the other is bounded by u2 and its projection 
either (4a) does or (4b) does not intersect A ol. Or (5) one of the solids is bounded by al and 
u2, and of course the sheet bounded by a0 overlaps this. 
In all these cases we parametrize the neighborhood of the triple point by movie direction 
D x I x C-E, E] and realize the 2-handle addition in 4-space. In case (2) above, 
Dx(O)x[-s,s](resp.Dx(ljx[-E,E]) consists of three nested sheets with three twisted 
bands attached at three crossing points. They are depicted in Fig. 5 as the first (resp. the last) 
pictures. Before the 2-handle addition, the left bottom twisted band disappears at one of the 
branch points, and right before the last picture the right top band appears as the other 
branch point. We attach a 2-handle which is (a twisted band) x 1. This attachment is realized 
by sliding the band along the two other twisted bands as depicted in Fig. 5. Thus the 
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Fig. 6. Passing a band through type II moves. 
2-handle attachment is realized without intersecting the solids that are already constructed, 
and the original knotting is recovered as the boundary. 
Next let us discuss the remaining cases of nesting. Notice that the Seifert shells do not 
depend on the choice (top/middle or middle/bottom) of the triple point smoothing. They 
depend only on the orientation of the surface. Therefore the nesting of solids bounded by 
Seifert shells does not depend on the choice of triple smoothing either. In other words, we 
can recover the original knotting and a Seifert solid bounded by the knot, by filling in the 
triple point by either a top/middle or middle/bottom 2-handle. 
In the remaining cases of nesting, two cases occur: (1) similar band sliding can be applied 
to either of top/middle or middle/bottom smoothings; (2) there is no such band available for 
sliding. Case (1) is handled as in the case described above. In case (2) choose the triple point 
smoothing so that with respect o the given height function a pair of type II moves occurs. 
Then the (twisted band) x I is realized in conjunction with a pair of handle additions similar 
to those described in Fig. 4. This case is depicted in Fig. 6. Thus the remaining cases are 
proved using these two types of realizations. 0 
3. HEEGAARD DIAGRAMS 
In this section, a method of obtaining Heegaard diagrams of the Seifert solids construc- 
ted by the algorithm is given. First, we explain in detail an example to establish the notation 
and to indicate the methods. Then the methods are shown to apply in general. 
The example we present here is Example 12 in [l]. The movie description of 
this Example 12 is depicted in Fig. 7. The group of this knot is an HNN extension 
of the cyclic group of order 3. In fact, it is known that this is the twist spun trefoil [19]. 
Thus it bounds a punctured lens space L(3, 1). However, to see that the lens space is a 
Seifert solid, one must show that this falls into a well-known class of 2-knots. On the 
other hand, it will be shown in this section that the algorithm given in Section 2 
produces this lens space connected sum with 3 copies of S2 x S”s. As in the classical 
dimension, the algorithm will not produce the simplest Seifert manifold, but a Heegaard 
diagram comes directly from the projection without knowing any further properties of the 
particular knot. 
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Fig. 7. A movie of Fox’s Example 12. 
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3.1. Gauss words. First, let us fix the Gauss word associated to a link diagram. The words 
used here will encode writhe by means of parity and will encode over/under-crossing by 
means of sign. Having fixed a base point and an orientation on each component of 
a diagram, an integer label is attached to each crossing as follows. If the crossing is positive 
in the classical sense, the label is even; if the crossing is negative, the label is odd. Over (resp. 
under)-crossings receive positive (resp. negative) integers. For example the knot depicted in 
the tenth still (the bottom frame of the leftmost sequence) in Fig. 7 has the Gauss word 
(3,4, 5, -5, -2, 8, -6, 7, -1,6, -8, 2, -4, 1, -7, -3) 
where the labeling of crossings is indicated in the figure. The orientation is given at the 
eighth still, and the base point is between the two occurrences of the crossing labeled by 3. 
Note that changing the base point causes a cyclic permutation of Gauss words. In these 
movies, the labels do not change from one still to another. However, in the case of type III 
moves the three labels involved are pairwise permuted. 
3.2. Elementary string interactions. Each pair of successive stills in a movie diagram of 
a regular projection differs at most by an elementary string interaction [ 151; i.e. a type II or 
a type III Reidemeister move, a surgery (fusion or fission), a birth, or a death. 
The elementary string interactions affect the Gauss words in a predictable manner. 
A type II move will introduce or remove two pairs of opposite parity indices. Both pairs of 
indices are adjacent in the collection of words, and the adjacent letters have the same signs. 
By convention, the nth pair of crossings introduced by a type II move receives the integers 
(2n - 1,2n) as labelings. Furthermore, integers already used are not reused. Under these 
conventions Gauss words are uniquely determined up to cyclic permutations for a given 
movie description of the surface. 
A type III interaction will cause three doublets of adjacent integers to be transposed. If
the vertices of the triangle have labels x, y, and z associated to them, then (disregarding sign 
and order) the pairs xy, yz, and zx appear somewhere in the word. These are then 
transposed to yx, zy, and xz in the resulting word. Finally, fusion conjoins two words, and 
fission splits a word into two. 
3.3. Double decker sets on F. The utility of the Gauss words in illustrated in Fig. 8. In this 
figure, the preimage of the double and triple points of the projection is indicated as an 
immersed collection of circles on which there is an involution. These curves form the double 
decker set; they are labeled with the integers of the Gauss words that appear in the movies. 
These labels indicate, in particular, which sheet is over and under and at triple points which 
sheet is in the middle. The involution is the natural one that changes the signs associated to 
the arcs. The height function in Fig. 8 is the same as the movie direction. At a type II 
interaction, a pair of maximal points is born in the preimage; one is labeled (2n - 1,2n) and 
the other (-2n +l, -2n). At a type III move, three classical crossings appear in the 
preimage. 
Figure 7 contains some more details than given by Fox because we need to see the entire 
structure of the knot in terms of sequences of elementary string interactions. Also there is 
one substantial difference: the movie given in Fig. 7 involves no type I moves. This is 
because we start with an immersed projection, which does not have branch points (type I 
interaction in the movie description). 
Figure 8 illustrates the double decker set of the projection on the sphere that is being 
knotted. The numbers indicate the Gauss code associated to the movie. 
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Fig. 8. The double decker set of Example 12 
3.4. Shells and Heegaard diagrams. After smoothing all crossing arcs, a collection of Seifert 
shells is found. A movie of the sheifs based on the movie in Fig. 7 is depicted in Fig. 9. The 
knot diagram of this example and the Seifert shells are illustrated in the url: 
http://www.mathstat.usouthaJ.edu/ “carter/ . 
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Fig. 9. A movie of Seifert shells. 
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This illustration indicates that there are 6 shells, only one of which is non-spherical and 
has genus 5. Also the genus 5 surface is standard in 3-space, i.e. it does not have knotted 
holes. Hence it bounds a handle-body in 3-space. Also in Fig. 9 the movie of the meridional 
disks of this handle-body is depicted by dotted arcs; these are the 2-handles coming from 
solids bounded by shells. Their attaching regions are added to Fig. 10 to get Fig. 11 which 
depicts the Heegaard diagram for the Seifert solid. 
Here is how to read the figures. Each pair of circles at the same height in Fig. 11 
indicates the attaching regions for a solid l-handle (that is attached to the annular 
neighborhood S* x [0, l] of the knot). 
These handles occur at each maximum of the double point set and at each triple point. At 
the preimage of the triple points the third sheet undergoes aclassical smoothing. This can be 
seen by examining the preimages of each sheet of triple point smoothing. (Whether or not this 
is a vertical or horizontal smoothing depends on the movie direction of the triple point 
smoothing. In other words, some triple point smoothing may involve type II interactions.) 
The arcs with the labels 1 through 5 that are enclosed in squares indicate the attaching regions 
for the 2-handles Hl through H5 in the movies of the Seifert shells depicted in Fig. 9. 
Having determined the genera of the shells from the movie Fig. 9, the attaching regions 
of the 2-handles for the handle-bodies in 3-space can be found as follows: read the pairs of 
Gauss words between which the end points of the arcs lie. These arcs are the movie of the 
meridional disks. Then draw the preimage of these points on the result of smoothing in the 
preimage by locating the corresponding points between the arcs with these Gauss words 
labeling. When the end points of an arc travel across a crossing (which are smoothed out in 
the movie of shells) the attaching curve has crossed the 2-handles that came from an u-arc. 
In this case, we slide the attaching curve along the u-arcs until it reaches the attaching 
region of a l-handle. In this way the attaching regions of the 2-handles are disjoint. 
The large dots in Fig. 11 near the attaching regions of the l-handles indicate branch 
points of the result of triple point smoothing. The heights of the dots indicate the heights of 
the branch points, and these in turn specify the orientation of the attaching regions. Two 
dots on the same level are to be identified and the requirement that the handle be orientable 
determines the identification of a pair of circles by specifying four dots on the circles on the 
preimage. Orientations for the handles occurring at maxima are determined by Gauss 
words. 
3.5. PROPOSITION. The solid produced by the algorithm applied to this example is a punc- 
tured L(3, l)# 3S2 x S’. 
Proof: In Fig. 12 particular diagrams of moves to handle diagrams are depicted. We use 
these six types of handle moves to simplify the diagrams. 
Type A: A 2-handle that intersects the meridional disk of a l-handle algebraically zero 
times but geometrically twice can be pulled off the l-handle provided there is an arc on the 
attaching curve of the 2-handle with its end points on the attaching disk of the l-handle that 
bounds an embedded isk on the surface that contains no further attaching regions. In this 
move, the attaching region of the 2-handle is isotoped across a disk. 
Type B: A pair of l- and 2-handles can be canceled provided the attaching curve for the 
2-handle intersects the meridional disk of the l-handle once. In the diagram the l-handle 
may have other 2-handles traveling over it. The attaching circles for these other handles will 
parallel the portion of the attaching circle for the canceled 2-handle after the l-handle is 
removed. 
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Fig. 10. The l- and 2-handles that come from smoothing the multiple point set. 
Type C: If segments of the attaching spheres of two 2-handles and two segments of the 
attaching region of a l-handle bound a disk in the surface, then one of these 2-handles 
cancels with a 3-handle on the outside. The segment of the attaching curve for the 2-handle 
is removed from the diagram. This move can be seen as a composition of a 2-handle slide 
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Fig. 11. A Heegaard diagram of the Seifert solid. 
(type F move below) and type A moves followed by a cancellation of a pair of 2- and 
3-handles. For, perform a type F move and slide one of the parallel 2-handles over the other, 
and perform a number of type A moves to get a trivial small circle passing through no 
l-handle. Then such a small circle is cancelled with a 3-handle. If there is an attaching 
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Fig. 12. Moves to Heegaard diagrams. 
region of one foot of a l-handle interior to the disk bounded by parallel curves, then one of 
the 2-handles and the l-handle form an S2 x S’ connect summand. 
Type D: If a 2-handle runs over a pair of l-handles, each time the attaching curve of the 
2-handle intersecting the attaching disk of the l-handle once, then the 2-handle cancels with 
one of these and the l-handles are conglomerated. 
Type E: If an arc (can be empty or several parallel arcs) connects a disk of a l-handle to 
a disk of another l-handle, then the first can be slid through the second to the other 
attaching disk of the second l-handle. The attaching curves passing through the first 
l-handle now pass through the second. This is a l-handle slide. Note that the type D move 
above is in fact a combination of types B and E. However it is convenient for us to include 
the above moves to prove the proposition. 
Type F: Take a parallel curve c’ of a 2-handle c and perform a surgery to another 
2-handle attaching curve c” to connect c’ and c”. This is a 2-handle slide. 
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Now we describe the process of getting from the complicated diagram of Fig. 11 to the 
diagram of L(3, 1)#3(S* x S’) depicted in Fig. 16. This is a rather arduous handle calcu- 
lation. We present illustrations of several key intermediate diagrams. (For the benefit of the 
reader, we remark that this calculation can be followed more easily by covering over the 
arcs with a liquid paper. We suggest this be done on a copy of the article, and not on the 
original.) 
First, the type A handle move is used to slide the small loop labeled - 11 and - 12 over 
the l-handle from the right of the figure in 11 to the left. The attaching region on the left for 
the l-handle here lies between the zig-zag curve of the birth of 11 and 12 and the handle with 
square label 3. As a result we obtain a l-handle over which no f-handles are going. This 
l-handle will represent an S2 x S’ connect summand in the manifold. The 2-handle with 
labels - 16 and - 15 can perform a type B move to the right after performing a type 
E move. In the following we do not mention every type E we perform unless it is difficult to 
see. The unlabeled 2-handle at the bottom right (that came from the arcs labeled - 6 and 
- 17, near the square 2-handle labeled 2) also slides right by a type A move. The l-handle 
has no further 2-handles traveling over it and will represent the second S* x S’ connect 
summand. The 2-handle with index - 17 slides to the right by a type A move. 
At the birth of double points - 5 and - 6, there is a pendulous arc that can be isotoped 
off the l-handle by a type A move to the left. This l-handle has no 2-handles traveling over 
it and will represent the third connect summand of S2 x S’. There is a small loop at the 
bottom of the figure on the left that can slide to the right by a type A move over the 
lowermost l-handle. 
Some type B moves can occur, and further type A moves can be performed subsequent 
to these. Specifically, the small arc labeled 9 on the right cancels with the l-handle that 
appears at the birth of the double points 9 and 10. After that type B move, the small loop on 
the right labeled 10 can do a type A slide over the l-handle and move back to the right. 
Observe that the arc on the lower right passes over the l-handle to be on the upper right of 
the left handle. In a similar fashion the l-handle at the birth of 17 and 18 cancels with the 
f-handle that is labeled by 18 on the left and - 18 on the right. After that type B move, the 
small loop labeled with 17 and 18 can slide to the right by a type A move. Observe that this 
gives a trivial 2-handle on the bottom right of Fig. 13. 
Perform a type B move at the birth of double points 3 and 4; this l-handle cancels with 
the 2-handle labeled with 4 on the left and - 4 on the right. 
Now we describe the moves to get from Fig. 13 to Fig. 14. The 2-handle with square 
label 4 cancels with the l-handle that appears just below the birth of 15 and 16. After this 
cancelation we get a new canceling pair; the 2-handle with square label 2 can now be 
canceled against the l-handle that appears as a pair of small circles on the bottom right of 
the diagram. This 2-handle meanders over the surface, and its removal simplifies the 
diagram quite a bit. 
The l-handle at the birth of arcs 1 and 2 cancels via a type B move with the arc labeled 
+ 2. The l-handle at the birth of 7 and 8 similarly undergoes a type B removal. The handle 
with square label 3 encircles the l-handle that came from the birth of 11 and 12. It can slide 
off the zig-zag curve so that it and the encircled l-handle form one of the S2 x St connect 
summands. Similarly, there is a 2-handle parallel to the square handle 5 and it can slide off 
to encircle another l-handle and this forms the second S2 x S’ connect summand. Then 
a type B move cancels the bottommost l-handle with the square handle 5. 
The foot of square handle 1 slides off the maximum point at the birth of 13 and 14 to run 
over a nearby l-handle, and a type A move from right to left slides the 13, 14 arc off this 
l-handle. Now the 13, -5 curve on the left can be removed by a type C move. As a result 
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Fig. 13. First simplification 
the 15, 16 curve cancels with the l-handle over which it travels. (The square 2 curve no 
longer passes over this handle). The - 18 curve connects to the -6 curve, and the 
remaining curve parallels the 15,16 curve. Finally, the curve -9 cancels with the l-handle 
at its top. 
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Fig. 14. Second simplification. 
Next we describe the process of getting from Fig. 14 to Fig. 15. The l-handle at the 11, 12 
zig-zag cancels with this arc, and the remaining handle parallels the arc by a type B move. 
The third l-handle from the bottom has parallel arcs 2 and square label 1 running over it. 
On the left these labels are square 1 and 5. The square 1 handle can slide off these two 
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Fig. 15. Third simplification. 
l-handles to encircle the l-handle that came from the birth of 5 and 6. This pair of handles 
forms the remaining Sz x S’ summand. Then the l-handle at the middle cancels by a type B 
move along the bottom arc (2 on the right and -5 on the left). A type D move occurs 
between the bottom two l-handles producing a pair of valence 6 vertices. 
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Fig. 16. Final simplification. 
To get from Fig. 15 to Fig. 16 first a sequence of type C moves occurs. The arcs 5 and 
4 on the left are parallel and join to 2 and - 4 on the right. So a type C move removes one 
of these. Literally, this move is not possible because of the attaching region for the S2 x S’ 
connect summand, but the resulting 2-handles are parallel and one can be removed by 
canceling it against a 3-handle on the outside. There are two more moves that are similar to 
type C moves that occur between these figures. Finally, the top two l-handles cancel. This 
gets to Fig. 16 which is clearly L(3, 1)#3S2 x S’. 0 
3.6. THEOREM. Given a knotted surface diagram one can obtain a Heegaard diagram of 
a solid bounded by the knot. 
Proof: The idea of the proof is seen from the above example. In general, the Seifert shells 
might bound cubes with knotted holes. But any cube with knotted holes can be turned into 
a handle-body by adding tunnels. By induction, assume only one tunnel is needed to unknot 
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a given knotted hole. In this case we change the projection by a finger move along the 
tunnel, and then recompute the solid. Specifically, we poke the knotted surface in 4-space 
along an unknotting tunnel and perform a bubble move (type II birth followed by type II 
death) at the end of the finger move. The resulting Seifert shells consist of a small sphere that 
was created at the bubble, and a surface of higher genus that now bounds a handle-body. 
Then the rest of the proof follows as in the examples. First, indicate the decker set on the 
preimage of the knot’s projection. Smooth the type II and III interactions and indicate the 
smoothings by a pair of small circles on the preimage. (At this stage the third crossing point 
at a triple point undergoes a classical smoothing.) The arcs on the resulting surface 
represent the attaching regions for the 2-handles coming from u-arcs. The 2-handles of the 
handle-bodies bounded by shells are indicated in the diagram by curves that miss the a-arcs. 
These attaching regions are computed by means of movies or by means of other descrip- 
tions of the Seifert shells. 0 
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